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Abstract
Approximations of the Navier–Stokes equations at high Reynolds number near solid boundaries are studied
by using a method of successive complementary expansions. The starting point of the method is to look for a
uniformly valid nonregular approximation. No matching principle is required to construct the approximation.
The application of this method leads rigorously to the theory of interactive boundary layer which relies upon
generalized boundary layer equations strongly coupled to the inviscid equations for the outer stream.
It is shown that the interactive boundary layer model contains the Prandtl boundary layer model and the
triple deck model. These two models are two di3erent regular expansions of the interactive boundary layer
which are deduced asymptotically, i.e., when the Reynolds number goes to in4nity.
Applications of the interactive boundary layer model to boundary layers in*uenced by external vorticity are
presented and compared with Navier–Stokes solutions.
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1. Introduction
The method of matched asymptotic expansions (MMAE) has been widely used in *uid mechanics
to analyze singular perturbation problems and contributed to spectacular progress in the understanding
of *ow 4elds. The most celebrated example is the boundary layer theory. At 4rst, this theory emerged
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from the very inspired ideas of Prandtl [14]. Much later, a sound mathematical basis for boundary
layer theory has been introduced with the formalism of matched asymptotic expansions (see [22]).
Thanks to this mathematical tool, Van Dyke [20] also proposed an improvement with a second-order
boundary layer theory. Another breakthrough occurred with the triple deck (TD) theory attributed to
Stewartson and Williams [17] and Neyland [12]; Messiter [11] analyzed the *ow near the trailing
edge of a *at plate and also arrived, independently, at the TD structure.
Another approach is followed to analyze high Reynolds number *ows. The method used here is
called the successive complementary expansions method (SCEM) [10]. This method is applicable to
singular perturbation problems which can be studied by the MMAE. To give a brief description of
the method, let us consider a problem in which two signi4cant regions exist: an outer region and
an inner region—the boundary layer zone. The principle of the SCEM is to look for a uniformly
valid nonregular expansion. The notion of regular and nonregular expansions is speci4ed in Section
2. The 4rst step of the SCEM is to study an approximation in the outer region. Generally, this
approximation is expected to be a good representation of the solution in the outer region but not
in the inner region. The idea is to add a correction which complements the 4rst approximation.
The process can be iterated by adding a new correction to improve the approximation in the outer
region, etc. It will be shown that new results can be obtained with this method thanks to the use of
nonregular expansions.
The construction of the approximation requires only the use of the boundary conditions but not
the use of any a priori matching principle such as that proposed in [22].
The application of the SCEM to high Reynolds number *ows is described in detail in Section 3
where it is shown how the theory of interactive boundary layer (IBL) is obtained. The IBL theory
relies upon generalized boundary layer equations which are strongly coupled to inviscid *ow equa-
tions. The strong coupling implies that the inviscid *ow equations cannot be solved independently
from the boundary layer equations. There is no hierarchy between the two sets of equations. The IBL
theory has been known for a long time but was put forward heuristically. Sychev et al. [18], talking
about the interactive methods, state: “No rational mathematical arguments (based, say, on asymptotic
analysis of the Navier–Stokes equations) have been given to support the model approach”. The main
objective of the paper is precisely to establish the IBL theory on a rational basis thanks to the use
of nonregular approximations.
In Section 4, it is demonstrated that the Prandtl’s boundary layer theory and the TD theory are
obtained as two di3erent regular expansions of the IBL formulation. In addition, the matching
conditions used in Prandtl’s theory and in the TD theory are demonstrated and do not result from
any a priori matching principle.
Finally, the IBL theory is applied to the calculation of boundary layer *ows on a *at plate
developing in the presence of external vorticity (Section 5). The validity and the limitations of the
method are discussed from comparisons with Navier–Stokes solutions.
2. Regular and nonregular expansions
Consider a singular perturbation problem where the function (x; ) is de4ned in a domain D
and  is the small parameter. Suppose that two signi4cant domains have been identi4ed—an outer
domain where the relevant variable is x and an inner domain where the boundary layer variable is X .
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According to the SCEM, the starting point is to look for a uniformly valid nonregular approxi-
mation
La =
n∑
i=1
L	i()[ L’i(x; ) + L i(X; )];
where L	i is an order function. This approximation is constructed step by step without requiring
any matching principle. The boundary conditions of the problem are suOcient for calculating the
successive approximations. More detailed information about the SCEM are given in Ref. [10].
By using asymptotic expansions, the function La can be written as
La = ˆa + o(	m) with ˆa =
m∑
i=1
	i()[’i(x) +  i(X )]; L	n =O(	m);
where ˆa is a regular approximation—the sum of two regular expansions—and 	i() are now gauge
functions, i.e., 	i is a suitable representative order function chosen in the corresponding equivalence
class de4ned from the relation of strict order. It is not necessary that the set L	i is the same as the
set 	i, since new terms can appear and since the functions 	i are gauge functions.
The di3erence between the nonregular and regular expansions is that L’i is a function of x and 
whereas ’i is a function of x only; in the same way, L i is a function of X and  whereas  i is a
function of X only.
The idea of producing uniformly valid approximations to avoid matching is not new and various
methods have been devised to achieve this goal; the multi-scaling approach of Mahony [9] is an
example. The SCEM belongs to a general class of multi-variable expansion methods and the regular
version proposed in [13] has been used to analyze di3erent perturbation problems. The SCEM is
used here not only to obtain directly a uniformly valid approximation but also to take advantage of
the nonregular form which is not a minor point.
3. IBL model
A high Reynolds number *ow on a *at wall is considered. The *ow is laminar, incompressible,
two-dimensional and steady. With dimensionless quantities, the Navier–Stokes equations read
9U
9x +
9V
9y = 0; (1a)
U
9U
9x +V
9U
9y =−
9P
9x + 
2
(
92U
9x2 +
92U
9y2
)
; (1b)
U
9V
9x +V
9V
9y =−
9P
9y + 
2
(
92V
9x2 +
92V
9y2
)
(1c)
with
2 =
1
Re
=

VL
;
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Fig. 1. Sketch of the velocity components in the boundary layer.
where V and L are reference quantities. The coordinate normal to the wall is y and the coordinate
along the wall is x; the x- and y-velocity components are U and V; the pressure is P.
3.1. Application of the SCEM
An outer approximation is 4rst looked for with the nonregular expansion beginning with the terms
U= u1(x; y; ) + · · · ; V= v1(x; y; ) + · · · ; P= p1(x; y; ) + · · · : (2)
Neglecting terms of order O(2), the Navier–Stokes equations reduce to the Euler equations
9u1
9x +
9v1
9y = 0; (3a)
u1
9u1
9x + v1
9u1
9y =−
9p1
9x ; (3b)
u1
9v1
9x + v1
9v1
9y =−
9p1
9y : (3c)
Boundary conditions are required at in4nity to solve these equations. For example, uniform *ow
conditions are used. If the external *ow is rotational, it is more diOcult to express the boundary
conditions which have to be examined speci4cally for each particular *ow. A wall condition is
missing but nothing is known about it at this point of the discussion. The wall condition will be
given later. It is known, however, that the no-slip conditions cannot be applied to the Euler equations.
Hence, the approximation needs re4nement. The approximation already obtained is complemented
as shown in Fig. 1:
U= u1(x; y; ) + U1(x; Y; ) + · · · ; (4a)
V= v1(x; y; ) + V1(x; Y; ) + · · · ; (4b)
P= p1(x; y; ) + P1(x; Y; ) + · · · ; (4c)
where Y is the boundary layer variable Y=y=. The V-expansion comes from the continuity equation
which must be nontrivial. The P-expansion is discussed below.
J. Cousteix, J. Mauss / Journal of Computational and Applied Mathematics 166 (2004) 101–122 105
With expansions (4a)–(4c) and taking into account Eqs. (3a)–(3c), the Navier–Stokes equations
become
9U1
9x +
9V1
9y = 0; (5a)
U1
9
9x (u1 + U1) + u1
9U1
9x + V1
9
9y (u1 + U1) + v1
9U1
9y
=− 9P19x + 
2 92
9x2 (u1 + U1) + 
2 92
9y2 (u1 + U1); (5b)
U1
9
9x (v1 + V1) + u1
9V1
9x + V1
9
9y (v1 + V1) + v1
9V1
9y
=− 9P19y + 
2 92
9x2 (v1 + V1) + 
2 92
9y2 (v1 + V1): (5c)
In these equations, the y-derivatives have to be considered with care. For example, we have
2
92
9y2 (u1 + U1) = 
2 92u1
9y2 +
92U1
9Y 2 ; (6a)
2
92
9y2 (v1 + V1) = 
2 92v1
9y2 + 
92V1
9Y 2 ; (6b)
9P1
9y =
9P1
9Y : (6c)
3.1.1. First-order IBL model
Formally, the dominant terms in the y-momentum equation (5c) are U19v1=9x, v19V1=9Y and
9P1=9Y , which justi4es the pressure expansion. At the wall, v1 is equal to −V1, hence in the
boundary layer v1 can be considered formally of order  (see Fig. 1). Neglecting terms of order
O(2), the y-momentum equation becomes
U1
9v1
9x + U1
9V1
9x + u1
9V1
9x + V1
9V1
9Y + v1
9V1
9Y =−
9P1
9Y + 
92V1
9Y 2 : (7)
In this equation all terms but 9P1=9Y are of order . It is concluded that P1 is of order .
In the x-momentum equation (5b), terms of order O() are neglected; term V19u1=9y is of order
 and is neglected; term 9P1=9x is of order 2 and is neglected. To 4rst order, the generalized
boundary layer equations are obtained:
9U1
9x +
9V1
9Y = 0; (8a)
U1
9u1
9x + U1
9U1
9x + u1
9U1
9x + V1
9U1
9Y +
v1

9U1
9Y =
92U1
9Y 2 : (8b)
With the de4nitions
u= u1 + U1; v= v1 + V1; p= p1 + P1 (9)
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and taking into account the Euler equations for u1, v1 and p1, Eqs. (8a) and (8b) become
9u
9x +
9v
9y = 0;
u
9u
9x + v
9u
9y − v
9u1
9y = u1
9u1
9x +
1
Re
92(u− u1)
9y2 : (10)
The solution gives a uniformly valid approximation over the whole domain and not only in the
boundary layer.
It is noted that, to the order , the pressure is equal to the pressure p1 everywhere and p1 is
solution of the Euler equations.
The boundary conditions are
U1(x; 0; ) =−u1(x; 0; ); V1(x; 0; ) =−v1(x; 0; );
U1(x;∞; ) = 0; V1(x;∞; ) = 0 (11)
or
y = 0 : u= 0; v= 0;
y →∞ : u− u1 → 0; v− v1 → 0: (12)
In addition, boundary conditions at in4nity are prescribed for the Euler equations.
The condition v − v1 → 0 when y → ∞ implies that the system of generalized boundary layer
equations (10) and the Euler equations (3a)–(3c) must be solved together. It is not possible to solve
the Euler equations independently from the boundary layer equations; the two sets of equations
interact. The IBL theory has been proposed earlier heuristically or on the basis of the TD theory
[4,5,8,23]; the IBL theory is fully justi4ed here thanks to the use of nonregular expansions. It is
also interesting to note that the generalized boundary layer equations account for possible pressure
variations normal to the wall.
3.1.2. Second-order IBL model
To build a second-order model, terms of order O(2) are neglected in the x-momentum equation
(5b). From the y-momentum equation (7), P1 is of order . Then, in the x-momentum equation,
the term 9P1=9x is of order 2 and is neglected. Finally, to second order, the generalized boundary
layer equations are
9U1
9x +
9V1
9Y = 0; (13a)
U1
9u1
9x + U1
9U1
9x + u1
9U1
9x + V1
9u1
9y + V1
9U1
9Y +
v1

9U1
9Y =
92U1
9Y 2 : (13b)
By using the de4nitions
u= u1 + U1; v= v1 + V1; (14)
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the boundary layer equations (13a) and (13b) are also written as
9u
9x +
9v
9y = 0;
u
9u
9x + v
9u
9y = u1
9u1
9x + v1
9u1
9y +
1
Re
92(u− u1)
9y2 : (15)
Eqs. (15) have to be solved in association with the Euler equations for u1, v1 and p1. As with the
4rst-order model, the solution gives a uniformly valid approximation over the whole domain and
not only in the boundary layer.
As before, to the order , the pressure is equal to the pressure p1 everywhere and is solution of
the Euler equations.
The boundary conditions are the same as for the 4rst-order equations:
y = 0 : u= 0; v= 0;
y →∞ : u− u1 → 0; v− v1 → 0: (16)
In addition, boundary conditions at in4nity are prescribed for the Euler equations.
Note 1. Eqs. (15)—proposed heuristically in [6] (see also Ref. [7])—are fully justi4ed here. Once
again, it is stressed that the IBL model is obtained thanks to the use of nonregular expansions.
In Section 4, it will be shown that the 4rst-order IBL model contains the Prandtl’s boundary layer
model and the 4rst-order TD model. These two models are obtained as regular expansions of the
IBL model when the Reynolds number goes to in4nity.
4. Flow on a at plate with a small indentation
4.1. IBL model
Consider a two-dimensional incompressible *ow on a *at plate at high Reynolds number. The
oncoming *ow is uniform and therefore irrotational. It is known that the perturbation to the inviscid
*ow due to the boundary layer is of order . In addition, a small indentation on the surface can
produce a perturbation formally of the same order (in fact, this perturbation can be stronger).
The second-order IBL model is valid to study this *ow but further simpli4cations can be carried
out by expanding the outer *ow characteristics as
u1 = 1 +  Ru 1(x; y; ) + · · · ; v1 =  Rv1(x; y; ) + · · · ; p1 =  Rp1(x; y; ) + · · · : (17)
Then, neglecting terms of order O(2) in the Euler equations, it is found that Ru 1, Rv1, Rp1 satisfy the
linearized Euler equations
9 Ru 1
9x +
9 Rv1
9y = 0; (18a)
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9 Ru 1
9x =−
9 Rp1
9x ; (18b)
9 Rv1
9x =−
9 Rp1
9y (18c)
and, neglecting terms of order O(2), Eqs. (13a) and (13b) become
9U1
9x +
9V1
9Y = 0; (19a)
(1 +  Ru 1 + U1)
9U1
9x + U1
9 Ru 1
9x + ( Rv1 + V1)
9U1
9Y =
92U1
9Y 2 : (19b)
Identical equations are obtained from the 4rst-order IBL equations (8a) and (8b).
A uniformly valid approximation is
u= 1 +  Ru 1 + U1; v= (V1 + Rv1): (20)
Now, in the boundary layer Y is of order 1 and, as y= Y , we have y1, so that we can write in
the boundary layer
u= 1 +  Ru 10 + U1 + · · · ; v= (V1 + Rv10 − y Ru 1x0) + · · · ; (21)
where the continuity equation (18a) has been used and
Ru 10 = Ru 1(x; 0; ); Rv10 = Rv1(x; 0; ); Ru 1x0 =
9 Ru 1
9x (x; 0; ): (22)
This suggests to de4ne
U (x; Y; ) = 1 + U1 +  Ru 10; V (x; Y; ) = V1 + Rv10 − y Ru 1x0 (23)
and the uniformly valid approximation is
u= U + ( Ru 1 − Ru 10); (24a)
v= (V + Rv1 − Rv10 + y Ru 1x0): (24b)
At the wall, the boundary conditions are
U = 0; V = 0 (25a)
and, at in4nity, the conditions u→ 1, v→ 0, Ru 1 → 0, Rv1 → 0 give
lim
Y→∞U = 1 +  Ru 10; limY→∞ (V + Y Ru 1x0) = Rv10: (25b)
Eqs. (19a) and (19b) are valid everywhere but they can be further simpli4ed if they are restricted
to the boundary layer. In the boundary layer, Y is of order 1 and, as y = Y , we have y1. The
outer *ow characteristics are expanded in the vicinity of y = 0 with Taylor series expansions. By
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neglecting terms of order O(2), we obtain
9U1
9x +
9V1
9Y = 0; (26a)
(1 +  Ru 10 + U1)
9U1
9x + U1 Ru 1x0 + ( Rv10 − Y Ru 1x0 + V1)
9U1
9Y =
92U1
9Y 2 : (26b)
With de4nitions (23), Eqs. (26a) and (26b) become
9U
9x +
9V
9Y = 0; (27a)
U
9U
9x + V
9U
9Y = [ Ru 1x0(1 +  Ru 10)] +
92U
9Y 2 : (27b)
The standard boundary layer equations (27a) and (27b) have to be solved in association with the
linearized Euler equations (18a)–(18c). The boundary conditions are given by Eqs. (25a) and (25b)
and Ru 1, Rv1, Rp1 vanish at in4nity. The two systems of equations interact thanks to the matching
of the velocities normal to the wall calculated from the boundary layer equations and from the
inviscid *ow equations. This model, fully justi4ed here, has been considered in [23] who pro-
posed a quasi-simultaneous method to solve it. In fact, it is suOcient to know the solution of
the linearized Euler equations along the wall y = 0 where a Hilbert integral gives a relationship
between Ru 10 and Rv10. Separated *ows can be calculated using such an IBL method. Other numer-
ical methods for solving viscous–inviscid interaction problems have been developed by di3erent
authors [4,5,8].
4.2. Prandtl’s boundary layer equations
The fact that the IBL model contains Prandtl’s boundary layer equations is easily shown by looking
for regular expansions of IBL model of Section 4.1. The expansions are
Ru 1(x; y; ) = uˆ 1(x; y) + · · · ; (28a)
Rv1(x; y; ) = vˆ1(x; y) + · · · ; (28b)
Rp1(x; y; ) = pˆ1(x; y) + · · · (28c)
and
U (x; Y; ) = u0(x; Y ) + · · · ; V (x; Y; ) = v0(x; Y ) + · · · : (29)
The expansions for Ru 1, Rv1 and Rp1 are substituted in Eqs. (18a)–(18c). It is found that uˆ 1(x; y),
vˆ1(x; y) and pˆ1(x; y) satisfy the same linearized Euler equations. The expansions for U and V are
substituted in the boundary layer equations (27a) and (27b). The resulting equations are simpli4ed
with  → 0. In order to have regular expansions, i.e., u0 = u0(x; Y ), v0 = v0(x; Y ) and not u0 =
u0(x; Y; ), v0 = v0(x; Y; ) only the 0-terms are kept. Then, the standard boundary layer equations are
110 J. Cousteix, J. Mauss / Journal of Computational and Applied Mathematics 166 (2004) 101–122
obtained—here the Blasius boundary layer equations
9u0
9x +
9v0
9Y = 0; (30a)
u0
9u0
9x + v0
9u0
9Y =
92u0
9Y 2 : (30b)
Now, let us examine the boundary conditions. Obviously, at the wall, the conditions U=0 and V =0
give
u0 = 0; v0 = 0: (31a)
When Y →∞, condition (25b) U → 1 +  Ru 10, written to the order 1, gives
lim
Y→∞ u0 = 1; (31b)
which is the conventional boundary condition for Prandtl’s equations. These boundary conditions are
suOcient to solve the boundary layer equations (30a) and (30b).
The second boundary condition (25b) limY→∞ (V + Y Ru 1x0) = Rv10, written to the order 1, gives
vˆ1(x; 0) = lim
Y→∞ v0(x; Y ): (32)
This boundary condition and the conditions that uˆ 1, vˆ1 and pˆ1 vanish at in4nity are used to solve
the linearized Euler equations for uˆ 1, vˆ1 and pˆ1.
4.3. TD theory
In this section, it is shown that the IBL model of Section 4.1 contains the TD. This is done
by looking for regular expansions expressed with the TD scales. These scales could be deduced
from the IBL theory, but for the sake of simplicity it is assumed that the TD scales are known. In
particular, the x-scale is 3=4 and X is de4ned by X = (x − x0)=3=4 where x0 is the TD location.
4.3.1. Outer deck
In the outer deck, the appropriate variable normal to the wall is Y ∗ = y=3=4.
From the results of TD theory, the uniformly valid approximation ((24a), (24b)) is now looked
for as
u= U + 1=2(u∗1(X; Y
∗)− u∗10); (33a)
v= V + 1=2(v∗1(X; Y
∗)− v∗10 + Y ∗u∗1X 0) (33b)
with
u∗10 = u
∗
1(X; 0); v
∗
10 = v
∗
1(X; 0); u
∗
1X 0 =
9u∗1
9X (X; 0): (34)
The boundary conditions (25b) become
lim
Y→∞U = 1 + 
1=2u∗10; limY→∞ (V + 
−1=4Yu∗1X 0) = 
−1=2v∗10: (35)
J. Cousteix, J. Mauss / Journal of Computational and Applied Mathematics 166 (2004) 101–122 111
We also have
Ru 1(x; y; ) = −1=2u∗1(X; Y
∗) + · · · ; (36a)
Rv1(x; y; ) = −1=2v∗1(X; Y
∗) + · · · ; (36b)
Rp1(x; y; ) = −1=2p∗1(X; Y
∗) + · · · (36c)
and, from Eqs. (33a) and (33b), the results of the TD theory in the outer deck are retrieved
u= 1 + 1=2u∗1(X; Y
∗) + · · · ; v= 1=2v∗1(X; Y ∗) + · · · : (37)
By substituting expansions (36a)–(36c) in Eqs. (18a)–(18c), it is found that u∗1 , v∗1 and p∗1 also
satisfy the linearized Euler equations. When Y ∗ → ∞, the conditions are u∗1 → 0, v∗1 → 0 and
p∗1 → 0. The *ow characteristics u∗1 , v∗1 and p∗1 are identical to the outer deck characteristics of the
TD if the boundary condition at Y ∗ = 0 is the same. This boundary condition is studied below (see
conditions (45)).
4.3.2. Main deck and inner deck
According to the results of TD theory, the main deck variable LY is the standard boundary layer
variable LY = Y = y=.
In the 4rst step suggested by the TD results, U and V are written as
U = u0(x; Y ) + 1=4 LU 1(X; Y; ); (38a)
V = −1=2 LV 1(X; Y; ) + v0(x; Y ); (38b)
where u0 and v0 are the velocity components in the unperturbed Blasius boundary layer. The uni-
formly valid approximation ((33a), (33b)) is now looked for as
u= u0 + 1=4 LU 1 + 1=2(u∗1 − u∗10); (39a)
v= 1=2( LV 1 + v∗1 − v∗10 + Y ∗u∗1X 0) + v0 (39b)
and the boundary conditions (35) give
lim
Y→∞
LU 1 = 1=4u∗10; limY→∞ (
LV 1 + 1=4Yu∗1X 0) = v
∗
10 − 1=2v0: (40)
Using relations (36a), (38a) and (38b), Eqs. (27a) and (27b) become
9 LU 1
9X +
9 LV 1
9Y = 0; (41a)
u0
9 LU 1
9X +
LV 1
9u0
9Y + 
1=4
(
LU 1
9 LU 1
9X +
LV 1
9 LU 1
9Y
)
+ 3=4
(
LU 1
9u0
9x + v0
9 LU 1
9Y
)
=[1=4u∗1X 0 + · · · ] + 3=4
92 LU 1
9Y 2 ; (41b)
where the terms in square brackets in Eq. (41b) correspond to the terms in square brackets in Eq.
(27b).
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The TD results in the main deck are obtained by looking for regular expansions of LU 1 and LV 1.
In the main deck, these expansions are
LU 1(X; Y; ) = Lu 1(X; LY ) + · · · ; LV 1(X; Y; ) = Lv1(X; LY ) + · · · (42)
and, from Eqs. (39a) and (39b), the results of the TD theory in the main deck are retrieved:
u= Lu 0 + 1=4 Lu 1 + · · · ; v= 1=2 Lv1 + · · · ; (43)
where Lu 0 = u0(x0; LY ).
The boundary layer equations ((41a) and (41b)) are then simpli4ed with → 0. In order to have
regular expansions, i.e., Lu 1 = Lu 1(x; LY ), Lv1 = Lv1(x; LY ) and not Lu 1 = Lu 1(x; LY ; ), Lv1 = Lv1(x; LY ; ) only the
0-terms are kept in Eq. (41b). The following equations are obtained:
9 Lu 1
9X +
9 Lv1
9 LY
= 0; (44a)
Lu 0
9 Lu 1
9X + Lv1
d Lu 0
d LY
= 0: (44b)
The boundary conditions (40), written to the order 1, give
lim
LY→∞
Lu 1 = 0; lim
LY→∞
Lv1 = v∗10: (45)
These conditions are exactly the matching conditions of the TD theory between the outer deck and
the main deck. It follows that the solution in the outer deck is the same as in the TD theory; the
solution in the main deck is also the same as in the TD theory. When X → −∞, the *ow is not
perturbed and the solution to the main deck equations (44a) and (44b) is
Lu 1 = A(X )
d Lu 0
d LY
; Lv1 =− dAdX Lu 0; (46)
where the function A(X ) is determined by the solution of the TD problem [17]; A is referred to as
the displacement function. From the second condition (45) and using lim LY→∞ u0 = 1, it is deduced
that
v∗1(X; 0) =−
dA
dX
: (47)
Now, the solution to the outer deck yields
p∗1(X; 0) =−u∗1(X; 0) =−
1

C
∫ ∞
−∞
v∗1(; 0)
X −  d; (48)
where the C means “Cauchy principal value”. The TD fundamental relation is obtained
p∗1(X; 0) =−u∗1(X; 0) =
1

C
∫ ∞
−∞
dA
d
1
X −  d: (49)
With expansions (42) considered above, the no-slip conditions at the wall are not satis4ed because
Lu 1(X; 0) = 0:
Lu 1(X; 0) = A with =
(
d Lu 0
d LY
)
LY=0
: (50)
An inner deck is introduced where the appropriate variable is Y˜ = y=5=4.
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In the inner deck, LY1 ( LY = 1=4Y˜ ) and we have
Lu 1 = A+ · · · ; Lv1 =− LY dAdX + · · · (51)
and regular expansions of LU 1 and LV 1, as suggested by the TD theory, are looked for as
LU 1 = Lu 1(X; LY )− A+ u˜ 1(X; Y˜ ) + · · · ; (52a)
LV 1 = Lv1 +  LY
dA
dX
+ 1=4v˜1(X; Y˜ ) + · · ·
= Lv1 + 1=4
(
v˜1(X; Y˜ ) +
dA
dX
Y˜
)
+ · · · : (52b)
In the inner deck, these expressions reduce to
LU 1 = u˜ 1 + · · · ; LV 1 = 1=4v˜1 + · · · (53)
and, from Eqs. (39a) and (39b), the results of the TD theory in the inner layer are retrieved:
u= 1=4(Y˜ + u˜ 1) + · · · ; v= 3=4v˜1 + · · · : (54)
Expressions (53) are substituted in the boundary layer equations (41a) and (41b). In order to have
regular expansions, i.e., u˜ 1 = u˜ 1(X; Y˜ ), v˜1 = v˜1(X; Y˜ ) and not u˜ 1 = u˜ 1(X; Y˜ ; ), v˜1 = v˜1(X; Y˜ ; ), only
the 1=4-terms are kept in Eq. (41b). The inner deck equations are
9u˜ 1
9X +
9v˜1
9Y˜
= 0; (55a)
(Y˜ + u˜ 1)
9u˜ 1
9X + v˜1
(
+
9u˜ 1
9Y˜
)
=
du∗1(X; 0)
dX
+
92u˜ 1
9Y˜ 2
: (55b)
Let us examine the boundary conditions. First, taking into account the possible presence of a wall
indentation of equation Y˜ = F(X ), the no-slip conditions at the wall yield
u˜ 1 + Y˜ = 0; v˜1 = 0: (56a)
Second, from relations (52a) and (52b), boundary conditions (40) and (45) give
lim
Y˜→∞
u˜ 1 = A; v˜1 ∼
Y˜→∞
− dA
dX
Y˜ : (56b)
The 4rst condition is exactly the matching condition between the main deck and the inner deck in
the TD theory; the second condition gives the same behaviour of v˜1 when Y˜ → ∞ as in the TD
theory.
This completes the demonstration that the =rst-order IBL theory contains the =rst-order TD
theory. It is emphasized that the matching conditions between the outer and main decks and between
the main and inner decks have been obtained from boundary conditions and not from the application
of any matching principle.
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5. Applications of the IBL model
The applications studied in this section are concerned with the calculation of the boundary layer
on a *at plate with a rotational oncoming *ow as shown in Fig. 2.
5.1. External >ow
The external *ow characteristics u1, v1, p1 are split in a prescribed component Lu e, Lve, Lpe and a
perturbed component u˜ e, v˜e, p˜e which represents the e3ect of the boundary layer:
u1 = Lu e + u˜ e; v1 = Lve + v˜e; p1 = Lpe + p˜e: (57)
It is assumed that the boundary layer induces a small perturbation. The prescribed external *ow
component satis4es the Euler equations and the perturbed external *ow satis4es the linearized Euler
equations. Stream-functions are introduced:
Lu e =
9 L 
9y ; Lve =−
9 L 
9x ; u˜ e =
9 ˜
9y ; v˜e =−
9 ˜
9x : (58)
The z-component of vorticity is also introduced:
L!e =
9 Lve
9x −
9 Lu e
9y ; !˜e =
9v˜e
9x −
9u˜ e
9y : (59)
The prescribed *ow is such that
Lpe +
1
2
( Lu2e + Lv
2
e) = Lf( L ); L!e =−
d Lf( L )
d L 
(60)
and, assuming that the upstream *ow at in4nity is not perturbed, we have [20]
p˜e + Lu eu˜ e + Lvev˜e =  ˜
d Lf( L )
d L 
; !˜e =− ˜ d
2 Lf( L )
d L 2
: (61)
Fig. 2. Boundary layer on a *at plate with rotational external *ow.
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Fig. 3. Global iterative procedure.
The vorticity is related to the stream-function, !˜e = −U ˜ , so that the perturbed stream-function
satis4es
U ˜ =
d2 Lf( L )
d L 2
 ˜ : (62)
In the examples considered (Section 5.3), the prescribed external *ow is such that Lu e = Lu e(y) and
Lve = 0 so that the equation for the perturbed stream-function becomes
U ˜ =
1
Lu e
d2 Lu e
dy2
 ˜ : (63)
5.2. Solution procedure
The boundary layer equations and the inviscid *ow equations are solved by using an iterative
procedure depicted schematically in Fig. 3; the blowing velocity Lvw represents the e3ect of the
boundary layer on the inviscid *ow
Lvw =
d
dx
∫ ∞
0
(u1 − u) dy:
The boundary layer equations and the inviscid *ow equations are solved successively in such a way
that the conditions limy→∞ (u − u1) = 0 and limy→∞ (v − v1) = 0 are satis4ed when the iterative
process has converged. This procedure works well for the *ows considered in Section 5.3 but would
be inappropriate for *ows with separation. To calculate separated *ows, other techniques must be
employed [4,5,8,23].
5.3. Flows considered
A defect boundary layer formulation [1–3] was developed earlier to account for external vorticity
e3ects. The same examples of application are considered here. Each *ow is de4ned by the prescribed
velocity Lu e.
Flow I: Vorticity is uniform:
Lu e = 1 + 60y: (64)
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Fig. 4. Flow I: Lu e = 1 + 60y.
Flow II: Near the wall, the prescribed shear is negative and tends towards zero away from the
wall. The slope of the velocity distribution is continuous:
Lu e = 125y2 − 20y + 1 if y6 0:08;
Lu e = 0:2 if y¿ 0:08: (65)
Flow III: The prescribed shear decreases continuously going away from the wall:
Lu e = 0:85 +
√
0:0225 + 18y: (66)
5.4. Results
5.4.1. Skin-friction and velocity pro=les
All the results have been obtained for a Reynolds number Rx=1 = 106; this Reynolds number is
based on the reference velocity V and x is the distance to the plate leading edge along the plate.
In the bottom of Figs. 4–6, the diagrams display the velocity pro4les u(y) calculated at station
x= 0:9 for the solution of the second-order IBL model. The distribution of the undisturbed inviscid
velocity Lu e(y) is also shown. The velocity pro4les u1(y) represent the resulting inviscid *ow velocity.
The di3erence between the Lu e- and u1-velocity pro4les is due to the in*uence of the boundary layer
on the inviscid *ow, i.e., the displacement e3ects. For Flow II, Fig. 7 gives the v- and v1-pro4les
of the velocity component normal to the wall corresponding, respectively, to u and u1.
A general remark is that the velocity pro4les u and u1 (Figs. 4–6) on one side and the pro4les
v and v1 (Fig. 7) on the other side merge perfectly beyond the boundary layer edge. The functions
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Fig. 5. Flow II: Lu e = 125y2 − 20y + 1 if y6 0:08; Lu e = 0:2 if y¿ 0:08.
Fig. 6. Flow III: Lu e = 0:85 +
√
0:0225 + 18y.
u(y) and v(y)—solutions of the generalized boundary layer equations coupled to the inviscid *ow
equations—constitute a uniformly valid approximation in the whole *ow.
Figs. 4–6 present the evolution of the skin-friction coeOcient Cf which is de4ned by scaling the
wall shear stress with 12 $V
2. As a reference, the Blasius solution (Cf =2)
√
Rx = 0:332 is given with
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Fig. 7. Normal to the wall velocity pro4les.
the label “*at plate”. In these 4gures, di3erent results have been plotted:
• labels “1st order” and “2nd order” refer to the 4rst order (Section 3.1.1) or second order (Section
3.1.2) IBL model;
• label “Navier–Stokes” refers to results obtained by Brazier from a Navier–Stokes solution [2].
A strong e3ect of external vorticity is observed on the evolution of the skin-friction compared to
the Blasius solution. When the standard 4rst-order boundary layer equations are used, the boundary
condition at the boundary layer edge is u= Lu e(0). Now, in all the examples, the value of Lu e(0) is
constant and equal to 1. The Blasius solution is therefore obtained in all the chosen examples if the
standard boundary layer equations are used to calculate the *ow.
The results of the second-order IBL model are generally in better agreement with the Navier–
Stokes solutions than those obtained with the 4rst-order IBL model. The 4rst-order model is insuf-
4cient to account for the external vorticity e3ects.
For a uniform shear, Lu e = 1 + !y, the second-order Van Dyke’s theory yields [21]
Cf
2
√
Rx = 0:332 + 3:126!
√
x
V
(67)
with !=60 for Flow I. In comparison with Navier–Stokes results, Fig. 4 shows that the Van Dyke
results overestimate the vorticity e3ects. The second-order IBL model is in closer agreement with the
Navier–Stokes results. It can be shown that the second-order IBL model contains the second-order
Van Dyke’s model [20] but di3ers by terms of order O(2).
A signi4cant di3erence between the Van Dyke’s model and the IBL model is that the latter is in-
teractive whereas the former is hierarchical. In the Van Dyke’s model, the inviscid and viscous *ow
equations are solved in sequence: 4rstly, the 4rst-order inviscid equations; secondly, the 4rst-order
boundary layer equations; thirdly, the second-order inviscid equations; fourthly, the second-order
boundary layer equations. Such a model cannot cope with separated *ows. On the contrary, an in-
teractive model is able to calculate separated *ows if appropriate numerical methods are employed
[4,5,8,23].
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5.4.2. Displacement e?ects
The displacement e3ects are observed from the comparison of the distributions of Lu e and u1
plotted at station x = 0:9 (Figs. 4–6).
The displacement e3ect is very small for Flow I. This is due to the fact that the right-hand side of
the Poisson equation (63) is zero which is not the case for the other *ows. To study the displacement
e3ect, an approximate analytical solution is given below.
Eq. (63) is present in many problems, for example in the study of the stability of parallel *ows
[15] or in problems involving singular perturbations in channel *ows [16] or in the development
of a liquid-free jet issuing from a channel [19]. An approximate analytical solution is obtained by
looking for a solution of the type  ˜ =  ˜ (x; 0)f(y) from which Eq. (63) becomes
d2 ˜ (x; 0)
dx2
f(y) +  ˜ (x; 0)
d2f
dy2
=
 ˜ (x; 0)
Lu e
d2 Lu e
dy2
f: (68)
For applications discussed here,  ˜ (x; 0) behaves nearly like x1=2 ( ˜ (x; 0) would behave exactly
like x1=2 for a Blasius boundary layer). With this behavior, the 4rst term on the left-hand side of
Eq. (68) can be neglected if x2 14 ( Lu e=|d2 Lu e=dy2|) and Eq. (68) becomes
d2f
dy2
=
f
Lu e
d2 Lu e
dy2
: (69)
A 4rst integration yields
df
dy
Lu e − f d Lu edy = A: (70)
If de4ned, a possible solution giving a zero velocity perturbation at in4nity is
f =−A Lu e
∫ y
0
1
Lu2e
dy +
Lu e
Lu e(0)
(71)
with
A=
1
(d Lu e=dy)y→∞
∫∞
0 (1= Lu
2
e) dy + 1=( Lu e(y →∞))
1
Lu e(0)
(
d Lu e
dy
)
y→∞
and
u˜ e =
[
−A
(
d Lu e
dy
∫ y
0
1
Lu2e
dy +
1
Lu e
)
+
1
Lu e(0)
d Lu e
dy
]
 ˜ (x; 0): (72)
If (d Lu e=dy)y→∞ = 0, the solution is
u˜ e =  ˜ (x; 0)
1
Lu e(0)
d Lu e
dy
; (73)
which shows directly how the displacement e3ect is associated to the distribution of Lu e. When
applicable, the approximate analytical solution is in good agreement with the numerical IBL results
(Fig. 8).
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Fig. 8. Comparison of approximate analytical solution and numerical solution at x=0:9 for Flow II: Lu e =125y2−20y+1
if y6 0:08, Lu e = 0:2 if y¿ 0:08.
Fig. 9. Comparison of viscous terms at station x = 0:9: (a) (92u=9y2); (b) (d2 Lu e=dy2).
5.4.3. Limitations of the model
Fig. 9 shows the comparison of viscous terms (92u=9y2) and (d2 Lu e=dy2) at station x=0:9 for the
*ows calculated. These two terms are components of the original momentum equation in which the
term (d2 Lu e=dy2) has been neglected. This hypothesis is justi4ed for Flow I since (d2 Lu e=dy2) = 0.
For Flow II, the term (d2 Lu e=dy2) is small compared to (92u=9y2) and it is correct to neglect it.
For Flow III, the justi4cation is less good. A limitation of the approach is felt here. It has been
assumed that Lu e satis4es the Euler equations but it is also required that Lu e satis4es the Navier–Stokes
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equations with a good approximation. Otherwise, the contribution of this *ow to the viscous terms
in the boundary layer momentum equation can a3ect the validity of the approach. Let us remember
that in a divergence-free 4eld
UV˜ =−∇˜ × (∇˜ × V˜ ): (74)
This equation means that the viscous terms are zero if the curl of the vorticity is zero. If the 4rst
approximation of the inviscid *ow is irrotational, the Navier–Stokes equations are satis4ed. However,
this is no longer true if the inviscid *ow is rotational. An exception is when the vorticity is uniform
in the 4eld as for Flow I. When the Reynolds number goes to in4nity this problem disappears
because term (d2 Lu e=dy2) goes to zero, whereas the standard boundary layer viscous term remains
4nite and nonzero. For 4nite Reynolds numbers, the IBL model has a limitation when the viscous
terms associated with the inviscid *ow is not negligible in the sense discussed above.
6. Conclusion
The basis of the analysis of high Reynolds number *ows presented here is a method called the
SCEM. This method can be applied to all the singular perturbation problems which can be studied
by the MMAE.
With the MMAE, the principle is to determine approximations in each signi4cant region of the
domain of de4nition of the solution. These approximations are fully known when a matching prin-
ciple is applied. Finally, a uniformly valid approximation is obtained by combining the di3erent
approximations and their matching. With the SCEM, the process is reversed. The starting point is
a uniformly valid approximation in which nonregular expansions are accepted. This is one of the
strength of the method.
The application of the SCEM to high Reynolds number *ows near solid boundaries revealed itself
very productive.
Firstly, a sound justi4cation of the IBL theory has been provided. This result is directly associated
with the determination of uniformly valid nonregular expansions. More precisely, the construction of
the approximation for the velocity normal to the wall with the condition that this velocity component
joins the inviscid solution away from the wall is the key of the IBL theory. Thanks to their interactive
nature, the IBL models have the very nice feature to be able to calculate separated *ows if appropriate
numerical methods are employed.
Secondly, it has been shown that the Prandtl’s theory and the TD theory are deduced from IBL as
two di3erent regular approximations. The Prandtl’s theory and the 4rst-order TD theory are contained
in the 4rst-order IBL. It is believed that TD is a local model, whereas IBL is a global model. This
means that the streamwise extent of validity of TD is of order 3=4, whereas IBL is valid over an
extent of order 1. Finally, the matching conditions used in the Prandtl’s theory or in the TD theory
have been demonstrated and do not result from any matching principle.
The IBL theory has been derived at 4rst and second orders. The di3erence is the formulation of
the generalized boundary layer equations. The second-order model is more powerful. For example,
the second-order IBL model contains other models such as the second-order Van Dyke’s model [20]
or the second-order defect boundary layer model [1–3]; the demonstration of these results has not
been given, but it can be done in the same way as for the Prandtl’s model or the TD model.
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